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Prediction of Separation Angles
Induced by Sharp Fins

with Attack Angle
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Introduction

G LANCING shock-wave/turbulent-boundarylayer interaction,
in which an oblique shock wave glances across a boundary

layer along an adjacent wall (Fig. 1), constitutes one of the most
important phenomena of three-dimensional interference. The pri-
mary separation line is one of the most easily discerned features of
the interactionfootprintobtainableby surface � ow visualization.In
the interaction induced by a sharp � n or a semicone, the separation
line is usuallystraightexcept the “inceptionregion.”Hence once the
angle of the separation line (¯s : de� ned as the angle formed by the
separation line and the incoming freestream direction) is speci� ed,
one can grasp the extent of interaction region.

Koide et al.1 previouslyproposedan empirical predictionmethod
for theprimary separationanglescausedby a seriesof unsweptsharp
� ns (USF) with attack angle ® (Fig. 1a), semicones (SC), and sharp
triangle � ns (STF) at zero ® (Figs. 1b and 1c). In the prediction,
only the inviscid shock-wave characteristics such as shock angle
and pressure rise across the shock were employed. (Inviscid means
the imaginary condition that would exist if no boundary layer were
presented on the wall.) In this Note, the prediction method is ex-
tended to include swept sharp � n (SSF) with ® (Fig. 1d) and STF
with ®. Using the extended method, the separation angles can be
predicted for almost all types of sharp shock generators with vari-
ous angles of attack ®, sweep angles ¸, half-apex angles " under a
wide range of supersonic Mach numbers.

Methodology
As far as the inviscid � ow� eld is concerned,the wall is equivalent

to the planeof symmetry for the deltawing as shown in Fig. 2. Hence
the STF and SSF are treatedas the half-cutmodel of the rhombicand
� at delta wing, respectively. The inviscid-shock angle ¯O , de� ned
by the angle made by inviscid shock-wave trace on the wall with
incoming freestream direction (Fig. 1), can be determined from the
angle of shock trace on the symmetry plane.

Fig. 1 Schematic views of several types of glancing interactions.
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In the planar inviscid shock induced by USF, the pressure rise
across the shock takes the form of a step. But in the case of conical
shock, to which SC, SSF, and STF belong, the pressure behind the
shock increases gradually toward the generator surface because of
the conical nature of the � ow. The overall pressure rise PRoa (In the
following, PR indicates a nondimensional pressure divided by the
undisturbedincomingpressure.) is de� nedas themaximumpressure
observed at the location of shock generator on the wall: at the ridge
line in the case of the rhombic delta wing. On the other hand, the
pressure rise just behind the shock PRo is (7M 2 sin ¯O ¡ 1/=6 for a
speci� c heat ratio of 1.4 regardless of the type of inviscid shock.

Using ¯O , PRoa, and PRo , the author con� rmed that the relation-
ship

1¯s

.P Roa=P Ro/4
D f .Mn/ (1)

could provide fairly accurate predictionof ¯s for USF with ®, STF,
and SC at zero ® (Ref. 1). In Eq. (1), 1¯s is ¯s ¡ ¯O , and Mn is the
Mach number component normal to the shock wave (´M sin ¯O ).
If independent variables of ¯O and PRoa in Eq. (1) can be speci� ed
for SSF and STF with ®, ¯s can also be predicted for such cases by
the same way presented in Ref. 1.

Summary of Shock-Angle Prediction Method
for STF with Angle of Attack

From Fig. 2, it is understood that ¯O for STF at zero ® (¯OSTF),
SSF with ® (¯OSSF), and STF with ® (¯OSTF®

) correspond to ¯O for

Rhombic delta wing with 0 alpha

Flat delta wing

Rhombic delta wing with alpha

Fig. 2 Schematic views of rhombic and � at delta wing.
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the rhombic delta wing at zero ®, � at delta wing with ®, and the
rhombicdeltawingwith ®, respectively.Once thepredictionmethod
for ¯OSTF® is established, ¯OSTF and ¯OSSF can be treated as special
cases of ¯OSTF®

: ¯OSTF is the value at zero ® while ¯OSSF at zero
". In addition, ¯OSTF® , ¯OSTF, and ¯OSSF come close to ¯OS.® C "/,
¯OS."/, and ¯OS.®/, respectively,when ¸ approaches 0 deg [where
¯OS.x/ is the theoretical two-dimensional oblique shock angle for
a � ow de� ection angle of x]. Furthermore ¯OSTF and ¯OSSF become
the Mach angle [¹ D sin¡1.1=M/] when " and ® approach 0 deg.
To establish the predictionmethod for ¯OSTF®

while considering the
preceding situations, the relationship

¯OSTF®
D ¯OSTF¯OSFF¯OS.® C "/

¯OS.®/¯OS."/
(2)

was introduced in Ref. 2. Taking prediction procedures for ¯OSTF

and ¯OSSF already presented in Ref. 2 into Eq. (2) yields

¯OSTF®
D .¼ 2=4/.¡0:13361 C 1:2459³ ¡ 1:0576³ 2 C 0:3668³ 3/

£ .¡0:0202 C 1:0204» ¡ 0:8885» 2 C 0:3234» 3/

£ M .¼ ¡ » ¡ ³ /=3¯OS.® C "/ (3)

where ³ and » are

& D tan¡1.1=sin " ¢ tan ¸/; » D tan¡1.1=sin ® ¢ tan ¸/

(Fig. 2). All angles in Eq. (3) are expressed in radians. Constants in
the � rst parentheses of the right-hand side of Eq. (3) are different
from thosepresented in Ref. 2 in order to simplify the equationwith
maintaining the accuracy of prediction.

Prediction of Shock Overall Pressure Rise
for STF with Angle of Attack

For predictingthe shock overall pressure rise for STF with attack
angle PRoaSTF® , a similar procedure for ¯OSTF® has been employed.
Like ¯OSTF®

expressedbyEq. (2),PRoaSTF®
is believedto bepredicted

as

PRoaSTF®
D

PRoaSTFPRoaSSFPROS.® C "/

PROS.®/PROS."/
(4)

where PRoaSTF and PRoaSSF are overall pressure rise for STF at zero
® and SSF with ®, respectively. PROS.x/ is the theoretical two-
dimensional oblique shock pressure rise for a � ow de� ection angle
of x .

To predict PRoaSTF® using Eq. (4), PRoaSTF and PRoaSSF have to be
determined in advance.PRoa cannot be found using a known simple
method. However, the similar correlation procedure developed for
predicting ¯OSTF and ¯OSSF also can be used to obtain PRoaSTF and
PRoaSSF. Using computed values of PRoaSTF for the rhombic delta
wings with 8 5 ® 5 17 deg, 30 5 ¸ 5 60 deg, and 2:0 5 M 5 3:5, the
value of PRoaSTF has been shown to be accurately predicted using
the equation

PRoaSTF D
£
¼.0:0056³ C 0:398³ 2/PRos."/

¤¯
2& (5)

The procedure of establishing the prediction method for PRoaSTF

is exactly the same as that of Ref. 2. But Eq. (5) is much simpler
than the equation proposed in Ref. 2. This is mainly because the
dependenceof PRoa on Mach number has been proved to be weaker
than previously expected under Mach numbers examined. Hence a
term including M has been erased, and then the correlationcurve in
the parentheses in Eq. (5) has been modi� ed.

As to the prediction of PRoaSSF, the same correlation procedure
for PRoaSTF has also been employed. A database of PRoaSSF for the
correlation was constructed using computational data by Klunker
et al.3 (M D 4:0, 5.08) and experimentaldata by Squire4 (M D 3:97)
for the � at delta wings. A similar relation,

PRoaSSF D
£
¼.0:4159» C 0:1367» 2/PRos.®/

¤¯
2» (6)

has been proved to predict the value of PRoaSSF accurately.

Fig. 3 Correlation of the separation angles in terms of shock angle and
overall pressure rise.

Finally, PRoaSTF® can be expressedby substitutionof Eqs. (5) and
(6) into Eq. (4) as

PRoaSTF®
D .¼ 2=4/.0:0056 C 0:398³ /.0:4159

C 0:1367»/PROS.® C "/ (7)

Prediction of Separation Angles
Severaldata for¯s havebeenobtainedexperimentallybyLu et al.5

(M D 2:47–3.95) and Rodi and Dolling6 (M D 4:9) for USF; Set-
tles and Lu7 (M D 2:95) for SSF; Deng and Liao8 (M D 2:04, 2.5),
Avduyevskiy and Gretsov9 (M D 2:1, 2.9, 3.7), and Saida et al.10

(M D 1:98, 2.49) for SC; Saida et al.11 (M D 2:50) for STF at zero
®; and Matsuo12 (M D 2:5) for STF with ®. When they are plotted in
Mn and 1¯s =.PRoa=P Ro/4 coordinatesusing Eqs. (3) and (7), most
of the data points converge along a single line (Fig. 3). Why these
coordinates can correlate the angles induced by dissimilar shock
generators has already been explained in Ref. 1. Finally, the author
has employed the relationship

1¯s

.PRoa=PRo/4
D 23:654 Mn ¡ 4:3503 (8)

(depicted by the solid line in Fig. 3) to predict the separation an-
gles ¯s . In Ref. 1 a hyperbolic function of 7.8(Mn2 ¡ 1:32/1=2 was
chosen as a correlation curve. But for all data presented in Fig. 3,
the logarithmic expression in Eq. (8) has been con� rmed to provide
better prediction.The value of ¯s predictedby Eq. (8) (expressed in
degrees) has been shown to be fairy accurate [within 2 deg (1 deg)
of the correspondingexperimental value for 91% (68%) of the data
points in Fig. 3]. As far as newly involved cases of STF and SSF
with ® are concerned,discrepancybetween the predictedand exper-
imental angle is trivial (at most 1.5 deg and 80% are within 1 deg).

Conclusions
A prediction method has been constructed for the primary sepa-

ration angles of glancing shock-wave/turbulent boundary-layer in-
teractions induced by dissimilar shock generators such as unswept
sharp � n, swept sharp � n, swept triangle � n, and semicone. The
separation angles are predicted by simple parameters compris-
ing Mach number, the theoretical two-dimensional oblique-shock
angle/pressure rise, and an angle representing the geometry of
each swept sharp � n. Without time-consuming experiments and
computational-�uid-dynamics calculations, this method can pro-
vide a rapid and reasonable estimation of the primary separation
angle under supersonic Mach numbers.
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Introduction

T HE operation of an early version of the International Space
Station, in light of its large size and � exibility, gives reason

to examine the effects that arise when the truss is traversed by the
mobile servicing system. This has been partially investigated by
Messac.1;2

Earth-based structures have been successfullymodeled as elastic
continua with traversing loads (or masses).3¡8 These studies high-
light the in� uence of the magnitude of the traversing loads and the
travel pro� le on the system dynamics. The dynamics of beams in
general motion have been investigated by Ashley,9 Sellappan and
Bainum,10 Kane et al.,11 Meirovitch and Quinn,12 Bainum and Li,13

and Kirk and Lee.14 The models in these studies can be looked upon
as a satellite with an attached beam with a tip mass. The primary
differencebetween these and the current study is that in the present
work an additional mass is allowed to traverse the beam. The mov-
ing mass is modeled as a point mass, motion is restricted to the
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orbital plane, and the beam is modeled as an Euler–Bernoulli beam.
Simulations are performed to examine the effect of various travel
pro� les on the systemdynamics.Of particularinterestare the elastic
deformations under the moving mass and at the tip mass.

Mathematical Formulation
The system under consideration is shown in Fig. 1; motion is

restricted to the orbital plane. A satellite, modeled as a massive
rigid body with center of mass located at S? and with distance a
from the center of mass to the base of the beam, is in a circular
orbit of radius Rc about the Earth’s center O . Because the satellite
body is assumed to be much more massive than the other parts of
the system, the appendage attached to the satellite is modeled as a
beam cantilevered in the satellite � xed frame. The beam carries a
point mass payload m t at the tip of the beam, and it is traversed by
a point mass mv . The orbital frequency is !o , and the satellite spin
rate is Pµ about an axis perpendicular to the plane of the orbit.

The dynamics of the system are described by the aid of
an inertial frame located at O with the dextral orthogonal ba-
sis FF T

e D [e1; e2; e3]; an orbital frame with dextral basis FF T D
[o1; o2; o3] is also located at O and is oriented such that the o1 is
always passing through S?; a satellite body-� xed frame with dextral
basis [ s1; s2; s3] is attached at S?.

The position vectors from O, to a spacecraft differential mass
element Rs , to an elemental mass of the beam Rb , to the moving
mass Rv , and to the tip mass Rt are

Ri D Rc C ri ; i 2 fb; s; t ; vg (1)

The kinetic energy of the system T is

T D 1
2

Z

ms

PRs ¢ PRs dms C 1
2

Z

mb

PRb ¢ PRb dmb C 1
2

mv
PRv ¢ PRv

C
1

2
m t

PRt ¢ PRt (2)

where the � rst and second terms are caused by the satellite and the
appendage, respectively. The penultimate term is the contribution
of the moving mass, and the last term is caused by the tip mass. The
velocities may be expanded as

PRb D FF T
s

2

4
Rc!o sin µ ¡ . Pµ C !o/w.x; t/

0

Rc!o cos µ C . Pµ C !o/.a C x/ C Pw.x; t/

3

5 (3)

PRv D FF T
s

2

6664

Pxv C Rc!o sin µ ¡ . Pµ C !o/w.x; t/

0

Rc!o cos µ C . Pµ C !o/.a C x/ C Pw.x; t/ C Pxv

@w

@x

­­­­
x D xv

3

7775

.4/

PRt D PRb.Lb; t/ (5)

where the angularvelocityof the satellitewith respect to the inertial
frame is

E !s D ¡. Pµ C !o/e2 (6)

The time derivative of the deformation under the moving mass po-
sition dw=dt introducesa convectiveterm, which is a product of the
moving mass speed and the slope of the deformation at the location
of interest, as observed in Eq. (4).

The total potential energy is composedof the gravitationalpoten-
tial UG and the strain energy US:

UG D ¡¹

» Z

m s

jRs j¡1 dms C
Z

mb

jRs j¡1 dmb

C mv jRv j¡1 C m t jRt j¡1

¼
(7)

US D 1

2

Z Lb

0

EI

³
@2w

@x2

´2

dx (8)


